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We propose a scheme for the deterministic generation of steady-state entanglement between the
two nuclear spin ensembles in an electrically defined double quantum dot. Due to quantum inter-
ference in the collective coupling to the electronic degrees of freedom, the nuclear system is actively
driven into a two-mode squeezed-like target state. The entanglement build-up is accompanied by
a self-polarization of the nuclear spins towards large Overhauser field gradients. Moreover, the
feedback between the electronic and nuclear dynamics leads to multi-stability and criticality in the
steady-state solutions.
Entanglement is a key ingredient to applications in
quantum information science. In practice, however, it
is very fragile and is often destroyed by the undesired
coupling of the system to its environment, hence robust
ways to prepare entangled states are called for. Schemes
that exploit open system dynamics to prepare them as
steady states are particularly promising [1–5]. Here, we
investigate such a scheme in quantum information archi-
tectures using spin qubits in quantum dots [6, 7]. In
these systems, a great deal of research has been directed
towards the complex interplay between electron and nu-
clear spins [8–15], with the ultimate goal of turning the
nuclear spins from the dominant source of decoherence
[16–19] into a useful resource [20–23]. The creation of
entanglement between nuclear spins constitutes a pivotal
element towards these goals.
In this work, we propose a scheme for the dissipa-
tive preparation of steady-state entanglement between
the two nuclear spin ensembles in a double quantum dot
(DQD) in the Pauli-blockade regime [6, 24]. The en-
tanglement arises from an interference between different
hyperfine-induced processes lifting the Pauli-blockade.
This becomes possible by suitably engineering the effec-
tive electronic environment, which ensures a collective
coupling of electrons and nuclei (i.e., each flip can happen
either in the left or the right QD and no which-way infor-
mation is leaked), and that just two such processes with a
common entangled stationary state are dominant. Engi-
neering of the electronic system via external gate voltages
facilitates the control of the desired steady-state proper-
ties. Exploiting the separation of electronic and nuclear
time-scales allows to derive a quantum master equation
in which the interference effect becomes apparent: It
features non-local jump operators which drive the nu-
clear system into an entangled steady state of EPR-type
[5]. Since the entanglement is actively stabilized by the
dissipative dynamics, our approach is inherently robust
against weak random perturbations [1–5]. The entangle-
ment build-up is accompanied by a self-polarization of
the nuclear system towards large Overhauser (OH) field
gradients if a small initial gradient is provided. Upon sur-
passing a certain threshold value of this field the nuclear
dynamics turn self-polarizing, and drive the system to
even larger gradients. Entanglement is then generated in
the quantum fluctuations around these macroscopic nu-
clear polarizations. Furthermore, feedback between elec-
tronic and nuclear dynamics leads to multi-stability and
criticality in the steady-state solutions.
We consider a DQD in the Pauli-blockade regime [6,
24]; see Fig. 1. A source-drain bias across the device
induces electron transport via the cycle (0, 1)→ (1, 1)→
(0, 2)→ (0, 1). Here, (m,n) refers to a configuration with
m (n) electrons in the left (right) dot, respectively. The
only energetically accessible (0, 2) state is the localized
singlet, |S02〉. Then, by the Pauli principle, the interdot
charge transition (1, 1) → (0, 2) is allowed only for the
(1, 1) spin-singlet |S11〉 = (|⇑⇓〉 − |⇓⇑〉) /
√
2, while the
spin-triplet states |T±〉 and |T0〉 = (|⇑⇓〉+ |⇓⇑〉) /
√
2 are
blocked. Including a homogeneous Zeeman splitting ω0
and a magnetic gradient ∆, both oriented along zˆ, the
DQD within the relevant two-electron subspace is then
described by the effective Hamiltonian (~ = 1)
Hel = ω0 (S
z
1 + S
z
2 ) + ∆ (S
z
2 − Sz1 )−  |S02〉 〈S02|
+t (|⇑⇓〉 〈S02| − |⇓⇑〉 〈S02|+ h.c.) , (1)
where  refers to the relative interdot energy detuning
between the left and right dot and t describes interdot
electron tunneling in the Pauli-blockade regime.
The spin blockade inherent to Hel can be lifted, e.g.,
by the hyperfine (HF) interaction with nuclear spins in
the host environment. The electronic spins ~Si confined
in either of the two dots (i = 1, 2) are coupled to two dif-
ferent sets of nuclei
{
σαi,j
}
via the isotropic Fermi contact
interaction [25]
HHF =
ahf
2
∑
i=1,2
(
S+i A
−
i + S
−
i A
+
i
)
+ ahf
∑
i=1,2
Szi A
z
i . (2)
Here, Sαi and Aαi =
∑
j ai,jσ
α
i,j for α = ±, z denote elec-
tron and collective nuclear spin operators, and ai,j de-
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Figure 1: (color online). (a) Schematic illustration of nuclear
entanglement generation via electron transport. Whenever
the Pauli-blockade is lifted via the HF interaction with the
nuclear spins, a nuclear flip can occur in either of the two dots.
The local nature of the HF interaction is masked by the non-
local character of the electronic level |λ2〉. (b) Spectrum ofHel
for ∆ = 40µeV and t = 30µeV. The three eigenstates |λk〉 are
displayed in red. The triplets |T±〉 are degenerate for ω0 = 0.
In this setting, lifting of the spin blockade due to HF interac-
tion is pre-dominantly mediated by the non-local jump opera-
tors required for two-mode squeezing, namely L2 and L2. The
ellipse refers to a potential operational area of our scheme. (c)
The resulting effective three-level system {|T±〉 , |λ2〉} includ-
ing coherent HF coupling and the relevant dissipative pro-
cesses: |λ2〉 decays according to its overlap with |S02〉 with
an effective decay rate Γ2 = |〈λ2|S02〉|2 Γ [37]. Within this
three-level subspace, purely electronic Pauli-blockade lifting
mechanisms like cotunneling or spin-orbital effects result in
effective dephasing and dissipative mixing rates, labeled as
γdeph and γ±, respectively.
fines the unitless HF coupling constant between the elec-
tron spin in dot i and the jth nucleus:
∑Ni
j=1 ai,j = N ,
where N = (N1 +N2) /2 ∼ 106 refers to the average
number of nuclei per dot. The individual nuclear spin
operators σαi,j are assumed to be spin-
1
2 and we neglect
the nuclear Zeeman and dipole-dipole terms [25]. The
second term in Eq.(2) can be split into an effective nu-
clear magnetic field and residual quantum fluctuations,
Hzz = ahf
∑
i=1,2 S
z
i δA
z
i , where δAzi = Azi − 〈Azi 〉t. The
(time-dependent) semiclassical OH field exhibits a homo-
geneous ω¯OH = ahf2 (〈Az1〉t + 〈Az2〉t) and inhomogeneous
component ∆OH = ahf2 (〈Az2〉t − 〈Az1〉t), which can be
absorbed into the definitions of ω0 and ∆ in Eq.(1) as
ω0 = ω¯OH + ωext and ∆ = ∆OH + ∆ext, respectively.
For now, we assume the symmetric situation of vanish-
ing external fields ωext = ∆ext = 0 [26]. Thus, ω0 and
∆ are dynamic variables depending on the nuclear polar-
izations.
The flip-flop dynamics, given by the first term in
Eq. (2) and the OH fluctuations described by Hzz can
be treated perturbatively with respect to the effective
electronic Hamiltonian Hel. Its eigenstates within the
Sztot = S
z
1 + S
z
2 = 0 subspace can be expressed as
|λk〉 = µk |⇑⇓〉 + νk |⇓⇑〉 + κk |S02〉 (k = 1, 2, 3) with
corresponding eigenenergies k. For t  ω0, ghf , where
ghf =
√
Nahf, |λ1,3〉 are far detuned, and the electronic
subsystem can be simplified to an effective three-level
system comprising the levels {|T±〉 , |λ2〉}. Effects aris-
ing due to the presence of |λ1,3〉 will be discussed below.
Within this reduced scheme, Hff reads
Hff =
ahf
2
[L2 |λ2〉 〈T+|+ L2 |λ2〉 〈T−|+ h.c.] , (3)
where the non-local nuclear operators L2 = ν2A+1 +µ2A
+
2
and L2 = µ2A−1 + ν2A
−
2 are associated with lifting the
Pauli-blockade from |T+〉 and |T−〉 via |λ2〉, respectively.
They can be controlled via the external parameters t and
 defining the amplitudes µ2 and ν2.
The dynamical evolution of the system is described in
terms of a Markovian master equation for the reduced
density matrix of the DQD system ρ describing the rele-
vant electronic and nuclear degrees of freedom [11]. Be-
sides the HF dynamics described above, it accounts for
other purely electronic mechanisms like, e.g., cotunnel-
ing. These effects and their implications for the nuclear
dynamics are described in [26] and lead to effective de-
cay and dephasing processes in the T± subspace with
rates γ±, γdeph; see Fig. 1 (c). For fast electronic dy-
namics (γ±, γdeph  ghf) and a sufficiently high gradient
∆ & 3µeV (see [26]), the hybridized electronic level |λ2〉
exhibits a significant overlap with the localized singlet
|S02〉 and the electronic subsystem settles in the desired
quasi-steady state, ρelss = (|T+〉 〈T+|+ |T−〉 〈T−|) /2, on
a time-scale much shorter than the nuclear dynamics.
One can then adiabatically eliminate all electronic coor-
dinates yielding a coarse-grained equation of motion for
the nuclear density matrix σ = Trel [ρ], where Trel [. . . ]
denotes the trace over the electronic degrees of freedom:
σ˙ = Lid [σ] + Lnid [σ]. Here, the first dominant term de-
scribes the desired nuclear squeezing dynamics
Lid [σ] = γ
2
[D [L2]σ +D [L2]σ]
+i
δ
2
([
L†2L2, σ
]
+
[
L†2L2, σ
])
, (4)
where D [c] ρ = cρc† − 12
{
c†c, ρ
}
. It arises from cou-
pling to the level |λ2〉, while Lnid [σ] results from coupling
to the far detuned levels |λ1,3〉 and OH fluctuations de-
scribed by Hzz [26]. Here, γ and δ refer to a HF-mediated
decay rate and Stark shift, respectively [40].
Pure stationary solutions |ξss〉 associated with the dy-
namics generated by Eq.(4) can be obtained from the
dark-state condition L2 |ξss〉 = L2 |ξss〉 = 0. First, we
consider the limit of equal dot sizes (N1 = N2) and
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Figure 2: (color online). Steady-state entanglement between
the two nuclear spin ensembles quantified via (a) the EPR-
uncertainty ∆EPR and (b) fidelity F of the nuclear steady
state with the two-mode squeezed target state. The black
solid curve refers to the idealized setting where the undesired
HF coupling to |λ1,3〉 has been ignored and where J1 = J2 =
pJmax, p = 0.8 and N1 = N2 = 2Jmax = 106, corresponding to
∆OH = 40µeV. The blue-dashed line then also takes into ac-
count coupling to |λ1,3〉 while the red-dashed curve in addition
accounts for an asymmetric dot size: N2 = 0.8N1 = 8 × 105.
The amount of entanglement decreases for a smaller nuclear
polarization: p = 0.7 (green dashed curve). Classical uncer-
tainty (symbols) in the total spin Ji quantum numbers leads
to less entanglement, but does not destroy it. Here, we have
set the range of the distribution to ∆Ji = 50
√
Ni. Other
numerical parameters: ω0 = 0, Γ = 25µeV,  = 30µeV and
γ± + γdeph/2 = 1µeV.
uniform HF coupling (ai,j = N/Ni), and generalize our
results later. The nuclear system can be described via
Dicke states |Ji, ki〉, where ki = 0, 1, . . . , 2Ji and Ji refer
to the spin-zˆ projection and total spin quantum num-
bers, respectively. For J1 = J2 = J , one readily checks
that the dark-state condition is satisfied by the (unnor-
malized) pure state |ξss〉 =
∑2J
k=0 ξ
k |J, k〉 ⊗ |J, 2J − k〉,
representing an entangled state closely similar to the two-
mode squeezed state [26]. The parameter ξ = −ν2/µ2
quantifies the entanglement and polarization of the nu-
clear system. |ξ| < 1 (|ξ| > 1) corresponds to states of
large positive (negative) OH gradients, respectively. The
system is invariant under the symmetry transformation
(µ2 ↔ ν2, Az1,2 → −Az1,2) which gives rise to a bistability
in the steady state, as for every solution with positive
OH gradient (∆ > 0), we find another one with ∆ < 0.
For a given |ξ| 6= 1 the individual nuclear polarizations
in the state |ξss〉 approach one as we increase the system
size J , and we can describe the system dynamics in the
vicinity of the respective steady state in the framework
of a Holstein-Primakoff (HP) transformation [27]. This
allows for a detailed analysis of the nuclear dynamics in-
cluding perturbative effects from the processes described
by Lnid. The collective nuclear spins Iαi =
∑
j σ
α
i,j are
mapped to bosonic operators [41] and the (unique) ideal
steady state is well-known to be a two-mode squeezed
state [5, 26] which represents |ξss〉 within the HP pic-
ture. Since in the bosonic case the modulus of ξ is con-
fined to |ξ| < 1, the HP analysis refers to one of the
two symmetric steady-state solutions mentioned above.
Within the HP approximation the dynamics generated
by σ˙ = Lid [σ]+Lnid [σ] are quadratic in the new bosonic
creation and annihilation operators. Therefore, the nu-
clear dynamics are purely Gaussian and exactly solvable.
The generation of entanglement can be certified via the
EPR entanglement condition [5, 28], ∆EPR < 1, where
∆EPR = [var (I
x
1 + I
x
2 ) + var (I
y
1 + I
y
2 )] / (|〈Iz1 〉|+ |〈Iz2 〉|).
While ∆EPR ≥ 1 for separable states, the ideal dynam-
ics Lid drive the nuclear spins into an EPR state with
∆idEPR = (1− |ξ|) / (1 + |ξ|) < 1. As illustrated in Fig. 2,
we numerically find that the generation of steady-state
entanglement persists even for asymmetric dot sizes of
∼ 20%, classical uncertainty in the total spins Ji [42] and
the undesired terms Lnid. When tuning t from 10µeV to
35µeV, the squeezing parameter |ξ| increases from ∼ 0.2
to ∼ 0.6, respectively. For |ξ| ≈ 0.2, we obtain a rela-
tively high fidelity F with the ideal two-mode squeezed
state, close to 80%. For stronger squeezing, the target
state becomes more susceptible to the undesired noise
terms, first leading to a reduction of F and eventually
to a break-down of the HP approximation. The associ-
ated critical behavior can be understood in terms of a
dissipative phase transition [27, 29].
We now turn to the experimental realization of our
scheme [26]: In the analysis above, we discussed the
idealized case of uniform HF coupling. However, our
scheme also works for non-uniform coupling, provided
that the two dots are sufficiently similar: If the cou-
pling is completely inhomogeneous, that is ai,j 6=
ai,k for all j 6= k, but the two QDs are identi-
cal (a1,j = a2,j∀j = 1, . . . , N1 ≡ N2), Eq.(4) supports a
unique pure entangled stationary state. Up to normal-
ization, it reads |ξss〉 = ⊗Nj=1 |ξ〉j , where |ξ〉j = |↓j , ↑j〉+
ξ |↑j , ↓j〉 is an entangled state of two nuclear spins belong-
ing to different nuclear ensembles [43]. |ξss〉 features a
(large) polarization gradient ∆Iz = 〈Iz2 〉−〈Iz1 〉 = N 1−ξ
2
1+ξ2 .
The build-up of a large OH gradient is corroborated
within a semiclassical calculation which neglects correla-
tions among the nuclear spins [26]. This is valid on time
scales long compared to nuclear dephasing mechanisms
[44] [14, 30]. Assuming equal dot sizes, N1 = N2 = N ,
we use a semiclassical factorization scheme [30] resulting
in decoupled equations of motion for the two nuclear po-
larization variables 〈Iz1 〉t and 〈Iz2 〉t [45]. In particular,
∆Iz evolves as
d
dt
∆Iz = −γeff
[
∆Iz −N χ
γeff
]
, (5)
where the HF-mediated depolarization γeff and pumping
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Figure 3: (color online). Semiclassical solution to the nuclear
polarization dynamics. (a) Instantaneous nuclear polariza-
tion rate ∆˙Iz as a function of the gradient ∆ for t = 20µeV
(blue dashed), t = 30µeV (red solid) and t = 50µeV (black
dash-dotted). FPs are found at ∆˙Iz = 0. The ovals mark
stable high-gradient steady state solutions. The background
coloring refers to the sign of ∆˙Iz (for t = 30µeV) which de-
termines the stable FP the nuclear system is attracted to (see
arrows). (b) Zoom-in of (a) into the low-gradient regime:
The unpolarized FP lies at ∆ = 0, whereas critical, instable
points ∆crtOH (marked by stars) can be identified with ∆˙Iz = 0
and d∆˙Iz/d∆ > 0. (c) Stable high-polarization FPs ∆ssOH
(see ovals) as a function of t; for t ≈ 10µeV we obtain a
nuclear polarization of ∼ 90%. Other numerical parameters:
Γ = 25µeV,  = 30µeV, γ± = 0.3µeV and γdeph = 0.5µeV.
rate χ (see [26] for their connection to microscopic pa-
rameters) depend on the gradient ∆ defined in Eq. (1), in
particular on the OH gradient ∆OH ∝ ∆Iz . The electron-
nuclear feedback-loop can then be closed self-consistently
by identifying steady-state solutions of Eq. (5) in which
the parameter ∆ is provided by the nuclear OH gradient
only. The instantaneous polarization rate ∆˙Iz , given in
Eq. (5), is displayed in Fig. 3 as a function of ∆, with the
electronic subsystem in its respective steady state, yield-
ing a non-linear equation for the nuclear equilibrium po-
larizations. Stable fixed points (FPs) are determined by
∆˙Iz = 0 and d∆˙Iz/d∆ < 0 as opposed to instable ones
where d∆˙Iz/d∆ > 0 [13, 15, 31]. We can identify param-
eter regimes in which the nuclear system features three
FPs which are interspersed by two instable points. Two
of the stable FPs are high-polarization solutions of oppo-
site sign, supporting a macroscopic OH gradient, while
one is the trivial, zero polarization solution. If the ini-
tial gradient lies outside the instable points, the system
turns self-polarizing and the OH gradient approaches a
highly polarized FP. For typical parameter values we es-
timate that the OH gradient at the instable points is
≈ (1 − 2)µeV; compare Fig. 3 (b). This comparatively
moderate initial gradient could be achieved via, e.g., a
nanomagnet [32, 33] or alternative dynamic nuclear po-
larization schemes [14, 20, 34, 35].
Next, we address the effects of weak nuclear inter-
actions: First, we have neglected nuclear dipole-dipole
interactions. However, we estimate the time scale for
the entanglement creation as t∗ = ~/Nγ . 10µs which
is fast compared to typical nuclear decoherence times,
recently measured to be ∼ 1ms in vertical DQDs [35].
Thus, it should be possible to create entanglement be-
tween the two nuclear spin ensembles faster than it gets
disrupted by dipole-dipole interactions among the nuclei.
Second, we have disregarded nuclear Zeeman terms since
our scheme requires no external homogeneous magnetic
field for sufficiently strong tunneling t [46].
Finally, entanglement could be detected by measuring
the OH shift in each dot separately [6]; in combination
with NMR techniques to rotate the nuclear spins [8] we
can obtain all spin components and their variances which
are sufficient to verify the presence of entanglement (sim-
ilar to the proposal [9]).
To conclude, we have presented a scheme for the dissi-
pative entanglement generation among the two nuclear
spin ensembles in a DQD. This may provide a long-
lived, solid-state entanglement resource and a new route
for nuclear-spin-based information storage and manipu-
lation.
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Appendix A: Supplementary Information (SI)
The following supplementary information (SI) provides
additional background material to specific topics of the
main text. First, we discuss the master equation used to
model the dynamics of the DQD. Then, by eliminating
all electronic coherences, we derive an effective descrip-
tion for the nuclear dynamics. Thereafter, it is shown
that this description can be simplified substantially in
the high gradient regime where the electronic level |λ2〉
can be eliminated from the dynamics. The explicit form
of the noise terms labeled by Lnid in the main text is given
thereafter. The following section presents analytical and
numerical results on the ideal nuclear target state, for
both uniform and non-uniform HF coupling. Next, we
present details on the Holstein-Primakoff mapping and
give the so-called standard form of the covariance matrix
which has been used for the evaluation of the EPR un-
certainty ∆EPR within the HP approximation. Finally,
we provide some details regarding our semiclassical ap-
proach to study the nuclear self-polarization effects, dis-
cuss the effect of external magnetic fields and summarize
the requirements for an experimental realization of our
scheme.
Contents
References 4
A. Supplementary Information (SI) 5
1. The Model 5
2. Effective Nuclear Dynamics 7
3. High Gradient Regime 7
4. Noise Terms 7
5. Hyperfine Coupling and Ideal Nuclear Steady
State 8
6. Holstein-Primakoff Transformation 9
7. EPR Uncertainty 10
8. Polarization Dynamics 10
9. External Magnetic Fields 10
10. Summary of Experimental Requirements 11
1. The Model
After tracing out the unobserved degrees of freedom
of the leads, the dynamical evolution of the system can
be described in terms of an effective Markovian master
equation for the reduced density matrix of the DQD sys-
tem ρ describing the relevant electronic as well as the
nuclear subsystem. Within the relevant three-level sub-
6space {|T±〉 , |λ2〉}, it reads
ρ˙ = L0 [ρ] + V [ρ] (A1)
L0 [ρ] = −i [Hel, ρ] + Γ2
∑
ν=±
D [|Tν〉 〈λ2|] ρ
+γ±
∑
ν=±
D [|Tν¯〉 〈Tν |] ρ+ Ldeph [ρ] ,
where V [ρ] = −i [Hff +Hzz, ρ] and D [c] ρ is a short-hand
notation for the Lindblad term D [c] ρ = cρc†− 12
{
c†c, ρ
}
.
In deriving Eq.(A1), we have neglected terms rotating at
a frequency of l − k for k 6= l and dissipative terms
acting entirely within the fast subspace, i.e., terms of
the form D [|λk〉 〈λj |]; for typical parameters, we have
checked that the simplified Liouvillian given in Eq.(A1)
reproduces exactly the electronic quasi steady state (ful-
filling L0
[
ρelss
]
= 0). Moreover, it describes very well the
electronic asymptotic decay rate, that is the spectral gap
of L0, which quantifies the long-time behavior of the elec-
tronic subsystem [27, 29] and is therefore relevant for a
good description of the nuclear dynamics.
Electron transport.—Apart from the unitary dynam-
ics discussed in the main text, Eq.(A1) contains three
dissipative terms: The first one, proportional to Γ2 =
|〈λ2|S02〉|2 Γ, describes electron transport as the hy-
bridized level |λ2〉 acquires a finite lifetime according to
its overlap with the localized singlet |S02〉. Here, Γ is
given by
Γ = ΓR/2, (A2)
where
Γα = 2pi|Tα|2nα, (A3)
denotes the typical sequential tunneling rate to the lead
α = L,R; the tunnel matrix element Tα specifies the
transfer coupling between the lead α and the DQD sys-
tem and nα refers to the density of states per spin in
the lead α [11]. By making the left tunnel barrier more
transparent than the right one (2ΓL  ΓR), we can elim-
inate the intermediate stage in the sequential tunneling
process (0, 2) → (0, 1) → (1, 1) [11, 33]. Then, on rele-
vant time scales, the DQD is always in the two-electron
regime and electron transport is fully described by the
effective rate Γ.
Other mechanisms.—The second and third dissipative
term account for decay processes from |T+〉 to |T−〉 and
vice versa and dephasing between the triplets |T±〉 which
is modeled by the Lindblad term
Ldeph [ρ] = γdeph
2
D [|T+〉 〈T+| − |T−〉 〈T−|] ρ. (A4)
For the sake of theoretical generality, this is a common
phenomenological description for distinct physical mech-
anisms like e.g. cotunneling, spin-exchange with the
leads or spin-orbital effects which may also lift the Pauli
blockade and therefore contribute to electron transport
through the DQD device, but, in contrast to the HF inter-
action, do so without affecting the nuclear spins directly.
In accordance with a typical experimental situation, they
are weak compared to direct tunneling in the singlet sub-
space, but may still be fast compared to the typical HF
time scale ghf = AHF/
√
N ≈ 0.1µeV.
Our regime of interest can be summarized as
1 γ±/Γ, γdeph/Γ ghf/Γ. (A5)
The right hand side can be suppressed efficiently by work-
ing in a regime of strong electron exchange with the leads.
For typical values, we estimate ghf/Γ ≈ (2−4)×10−3. In
particular, this condition allows us to adiabatically elimi-
nate all electronic coherences for γ±+γdeph/2 ghf and,
in the high gradient regime specified below, all electronic
coordinates can be eliminated for 2γ±  ghf .
Cotunneling.—For example, let us briefly show how
virtual tunneling processes via localized triplet states fit
into this effective, phenomenological description. Usu-
ally, they are neglected because they are far off in en-
ergy due to the relatively large singlet-triplet splitting
∆st & 400µeV [6]. Still, they may contribute to electron
transport by lifting the spin blockade as follows: The
triplet |T±〉 with (1, 1) charge configuration is coherently
coupled to the localized triplet |T± (0, 2)〉 by the interdot
tunneling coupling t. This transition is strongly detuned
by the singlet-triplet splitting ∆st. Once, the energeti-
cally high lying level |T± (0, 2)〉 is populated, it quickly
decays with an effective rate Γ either back to |T±〉 giving
rise to pure dephasing or to |T∓〉 via some fast interme-
diate steps. The former contributes to γdeph, while the
latter can be absorbed into the phenomenological rate
γ±. Using standard second order perturbation theory,
the effective rate for this mechanism can be estimated as
γct/Γ = xct ≈
(
t
∆st
)2
. (A6)
Compared to direct electronic processes, it is lowered
by the ’penalty’ factor xct, which we estimate as xct ≈
(30/400)2 ≈ 0.005.
Spin-orbit.—Other mechanisms besides cotunneling
also contribute to the phenomenological rates γdeph and
γ±. For example, along the lines of the cotunneling anal-
ysis, spin-orbital effects can be accounted for. The cor-
responding penalty factor can be estimated as
xso ≈ t
2
so
2 + Γ2
, (A7)
where the spin-orbit coupling parameter is approximately
tso ≈ (0.01 − 0.1)t [38, 39]. This gives the order-of-
magnitude estimate xso ≈ 32/(302 + 252) ≈ 0.006.
On a similar footing, one can also account for spin-
exchange with the leads [29]. The different electronic
decay channels have to be summed up as γ± = γct +γso +
7. . . and γdeph = γct + γso + . . . . Based on the estimates
stated above, sufficiently strong electron exchange with
the leads ensures the validity of Eq.(A5).
2. Effective Nuclear Dynamics
In the limit γ± + γdeph/2 ghf , any electronic coher-
ences decay rapidly on typical nuclear time scales. Us-
ing standard techniques, we can then adiabatically elimi-
nate them from the dynamics yielding a simplified coarse-
grained equation of motion for the nuclear density ma-
trix σ = Trel [ρ], where Trel [. . . ] denotes the trace over
the electronic degrees of freedom. Since differences in
the populations of the triplets |T+〉 and |T−〉 are quickly
damped to zero with a rate of 2γ±, it is approximately
given by
σ˙ = γ {p+ [D [L2]σ +D [L2]σ] (A8)
+ (1− 2p+)
[
D
[
L†2
]
σ +D
[
L†2
]
σ
]}
+iδ
{
p+
([
L†2L2, σ
]
+
[
L†2L2, σ
])
− (1− 2p+)
([
L2L
†
2, σ
]
+
[
L2L
†
2, σ
])}
,
where γ and δ refer to the effective rate
γ =
a2hf Γ˜
2[Γ˜2 + 22]
(A9)
and Stark shift
δ = (2/2Γ˜)γ, (A10)
respectively. Here, we have set Γ˜ = Γ2 + γ±/2 + γdeph/4.
The nuclear dynamics are governed by the non-local
jump operators L2 and L2, describing HF-mediated nu-
clear flips from |T+〉 and |T−〉 to |λ2〉, respectively, but
still coupled to the electronic subsystem via the popu-
lation of the triplet |T+〉, p+. On a coarse-grained time
scale relevant for the nuclear dynamics, all electronic co-
herences are fully depleted and the populations (given
by p+, p− = p+ and p2 = 1 − 2p+, respectively) com-
pletely characterize the electronic subsystem. Therefore,
the coupled electron-nuclear DQD system is described by
Eq.(A8), complemented by an equation of motion for p+,
which, in turn, depends on the state of the nuclear spins
[29]. In Eq.(A8) we have suppressed contributions aris-
ing from the OH fluctuations, governed by Hzz. This is
in line with the semiclassical approximation to study the
nuclear polarization dynamics. However, as stated in the
main text, they have been taken into account when an-
alyzing the steady state entanglement properties of the
nuclear system (see below).
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Figure 4: (color online). Saturation parameter γc/Γ2 as a
function of the gradient ∆ for t = 20µeV (blue dashed) and
t = 30µeV (red solid), respectively. In the high gradient
regime, where this value is sufficiently low, the electronic level
|λ2〉 can be eliminated adiabatically from the dynamics as it
gets fully depleted on relevant nuclear time scales. Other
numerical parameters are: Γ = 25µeV,  = 30µeV, γdeph =
0.5µeV and γ± = 0.3µeV.
3. High Gradient Regime
For a sufficiently high gradient ∆, the electronic level
|λ2〉 exhibits a significant overlap with the localized sin-
glet |S02〉; accordingly, in this regime the electronic de-
grees of freedom can be eliminated completely from the
dynamics. More rigorously, this holds for
γc
Γ2
=
g2hf
2
[
Γ˜2 + 22
] Γ˜
Γ2
 1, (A11)
where γc = Nγ comprises a factor of N ≈ 106 to ac-
count for typical HF-mediated interaction strengths of
ghf =
√
Nahf ≈ 0.1µeV. As shown in Fig. 4, for typi-
cal parameters |λ2〉 can be eliminated adiabatically for
∆ & (2− 3)µeV. In this regime, the electronic sub-
system settles to a quasi steady-state, given by ρelss =
(|T+〉 〈T+|+ |T−〉 〈T−|) /2, on a time scale much shorter
than the nuclear dynamics. The effective nuclear dynam-
ics in the submanifold of this electronic quasi steady state
ρelss gives rise to the Liouvillian stated in the main text in
Eq.(4).
4. Noise Terms
For completeness, here we present the explicit form of
the superoperator Lnid [σ] which can be decomposed as
Lnid [σ] = Kfz [σ] +Knidff [σ] +Kzz [σ] . (A12)
8The first term is given by
Kfz [σ] = −iahf
2
∑
i,α=±
〈Sαi 〉ss
[
Aα¯i , σ
]
−iahf
∑
i
〈Szi 〉ss [δAzi , σ] . (A13)
Here, 〈·〉ss = Trel
[·ρelss] denotes the steady state expecta-
tion value. Next, undesired, second-order HF-mediated
transitions to the electronic levels |λ1,3〉 are described by
Knidff [σ] =
∑
k 6=2
[
γk
2
D [Lk]σ + i δk
2
[
L†kLk, σ
]
+
γk
2
D [Lk]σ + i δk
2
[
L†kLk, σ
]]
, (A14)
where we have introduced the generalized, effective HF-
mediated decay rates
γk =
a2hf Γ˜k
2
[
2k + Γ˜
2
k
] , (A15)
with the dephasing rate Γ˜k = Γk + γ±/2 + γdeph/4, the
transport-mediated level width of |λk〉 being Γk = κ2kΓ
and the nuclear Stark shifts
δk =
a2hfk
4
[
2k + Γ˜
2
k
] . (A16)
The non-local nuclear operators Lk and Lk are defined as
Lk = νkA
+
1 +µkA
+
2 and Lk = µkA
−
1 +νkA
−
2 , respectively.
Finally, the last term reads
Kzz [σ] = γzz
∑
i,j
[
δAzjσδA
z
i −
1
2
{
δAzi δA
z
j , σ
}]
, (A17)
where γzz = a2hf/4γ±.
5. Hyperfine Coupling and Ideal Nuclear Steady
State
In the main text, the HP analysis has been performed
for uniform hyperfine coupling. This simplification is
based on the assumption that the electron density is ap-
proximately constant in the dots and zero outside [9].
In Ref.[36], it was shown that corrections to this ideal-
ized setting are of the order of 1 − p for high polariza-
tion p. Therefore, the analysis for uniform HF coupling
is correct to zeroth order in the small parameter 1 − p.
To make connection with a realistic situation, the un-
derlying idea is to express the HF coupling constants as
ai,j = a¯ + δi,j , where the dominant uniform term a¯ en-
ables an efficient description within fixed Ji subspaces,
while the non-uniform contribution δi,j leads to a cou-
pling between different Ji subspaces on a much longer
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Figure 5: (color online). Sketch of the ideal nuclear dark
state for uniform HF coupling |ξss〉. The Dicke states are
labeled according to their spin projection ki = 0, 1, . . . 2J .
Since k1 = k is strongly correlated with k2 = 2J − k, the two
Dicke ladders are arranged in opposite order. The bistability
inherent to |ξss〉 is schematized as well: The size of the spheres
refers to |〈k1, k2|ξss〉|2 for |ξ| < 1 (red) and |ξ| > 1 (blue),
respectively. As indicated by the arrows for individual nuclear
spins, |ξ| < 1 (|ξ| > 1) corresponds to a nuclear OH gradient
∆OH > 0 (∆OH > 0), respectively.
time scale. The latter is relevant in order to reach highly
polarized nuclear states [30].
We have explicitly stated the ideal nuclear steady state
|ξss〉, fulfilling L2 |ξss〉 = L2 |ξss〉 = 0, for two ’opposing’
limits: First, we analytically construct the ideal (pure)
nuclear steady-state in the limit of identical dots (a1j =
a2j∀j = 1, . . . , N1 ≡ N2 = N) for uniform HF-coupling
where aij = N/Ni. In this limit, the non-local nuclear
jump operators simplify to
L2 = νI
+
1 + µI
+
2 , (A18)
L2 = µI
−
1 + νI
−
2 . (A19)
Here, to simplify the notation, we have replaced µ2 and
ν2 by µ and ν, respectively. The common proportion-
ality factor is irrelevant for this analysis and therefore
has been dropped. The collective nuclear spin operators
Iα1,2 form a spin algebra and the so-called Dicke states
|J1, k1〉 ⊗ |J2, k2〉 ≡ |J1, k1; J2, k2〉, where the total spin
quantum numbers Ji are conserved and the spin pro-
jection quantum number ki = 0, 1, . . . , 2Ji, allow for an
efficient description. Here, we restrict ourselves to the
symmetric case where J1 = J2 = J ; analytic and numer-
ical evidence for small Ji ≈ 3 shows, that for J1 6= J2
one obtains a mixed nuclear steady state [29]. The total
spin quantum numbers Ji = J are conserved and we set
|J, k1; J, k2〉 = |k1, k2〉. Using standard angular momen-
9tum relations, one obtains
L2 |k1, k2〉 = νjk1 |k1 + 1, k2〉+ µjk2 |k1, k2 + 1〉 ,(A20)
L2 |k1, k2〉 = µgk1 |k1 − 1, k2〉+ νgk2 |k1, k2 − 1〉 .(A21)
Here, we have introduced the matrix elements
jk =
√
J (J + 1)− (k − J) (k − J + 1), (A22)
gk =
√
J (J + 1)− (k − J) (k − J − 1). (A23)
Note that j2J = 0 and g0 = 0. Moreover, the matrix
elements obey the symmetry
jk = j2J−k−1, (A24)
gk+1 = g2J−k. (A25)
Now, we show that |ξss〉 fulfills L2 |ξss〉 = L2 |ξss〉 = 0.
First, using the relations above, we have
L2 |ξss〉 =
2J∑
k=0
ξk [νjk |k + 1, 2J − k〉
+µj2J−k |k, 2J − k + 1〉]
=
2J−1∑
k=0
ξk [νjk |k + 1, 2J − k〉
+ξµj2J−k−1 |k + 1, 2J − k〉]
=
2J−1∑
k=0
ξkν[jk − j2J−k−1]︸ ︷︷ ︸
=0
|k + 1, 2J − k〉 .
In the second step, since j2J = 0, we have redefined the
summation index as k → k + 1. Along the same lines,
one obtains
L2 |ξss〉 =
2J∑
k=0
ξk [µgk |k − 1, 2J − k〉
+νg2J−k |k, 2J − k − 1〉]
=
2J−1∑
k=0
ξk [ξµgk+1 |k, 2J − k − 1〉
+νg2J−k |k, 2J − k − 1〉]
=
2J−1∑
k=0
ξkν[g2J−k − gk+1]︸ ︷︷ ︸
=0
|k, 2J − k − 1〉 .
This completes the proof. For illustration, the dark state
|ξss〉 is sketched in Fig. 5. In particular, the bistable
polarization character inherent to |ξss〉 is emphasized, as
(in contrast to the bosonic case) the modulus of the pa-
rameter ξ is not confined to |ξ| < 1.
Second, we have elaborated on the case of a per-
fectly inhomogeneous distribution of HF coupling con-
stants. For identical QDs, the nuclear spins can always
be grouped into pairs (a1,j = a2,j). In the absence of de-
generacies, i.e., for ai,j 6= ai,k for all j 6= k, we have iden-
tified the nuclear dark state as |ξss〉 = ⊗Nj=1 |ξ〉j . This
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Figure 6: (color online). EPR uncertainty ∆EPR (a) and fi-
delity F with the nuclear target state |ξss〉 (b) as a func-
tion of the squeezing parameter |ξ| for N1 = N2 = 3
inhomogeneously coupled nuclear spins. The blue curve
(squares) refers to an symmetric setting where ~a1 = ~a2 =
(1.11, 1.67, 0.22), whereas the green (circles) and red (crosses)
curves incorporate asymmetries: ~a1 = (1.18, 1.61, 0.21), ~a2 =
(1.11, 1.67, 0.22) and ~a1 = (1, 1.5, 0.5), ~a2 = (1.24, 1.55, 0.21),
respectively.
analytical result is verified by exact diagonalization for
small systems of inhomogeneously coupled nuclear spins
(N1 = N2 = 3): see Fig. 6. It indicates that |ξss〉 is the
unique steady state. Moreover, as long as the squeez-
ing parameter is |ξ| . 0.5, the nuclear system is found
to be robust against asymmetries (~a1 6= ~a2) and features
entanglement over a broad range of the parameter |ξ|.
Note that one can ’continuously’ go from the case of
non-degenerate HF coupling constants to the limit of
uniform HF coupling by grouping spins with the same
HF coupling constants to ’shells’, which form collective
nuclear spins. For degenerate couplings, however, there
are additional conserved quantities and therefore multi-
ple stationary states of the above form. If a1,j ≈ a2,j we
expect (and have also verified for small N , see Fig. 6)
that the resulting mixed stationary state is still unique
(in the non-degenerate case) and close to |ξss〉.
6. Holstein-Primakoff Transformation
The (exact) Holstein-Primakoff transformation ex-
presses the truncation of the collective nuclear spin op-
erators to a total spin Ji subspace in terms of a bosonic
mode [27]. For ∆ > 0 (|ξ| < 1) the nuclear ensembles are
polarized in opposite directions, and the (zeroth order)
HP mapping for the collective nuclear spins Iαi =
∑
j σ
α
i,j
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(α = ±, z) reads explicitly
I−1 ≈
√
2J1b1, (A26)
Iz1 = b
†
1b1 − J1. (A27)
for the first nuclear ensemble, and similarly for the second
ensemble
I+2 ≈
√
2J2b2, (A28)
Iz1 = J2 − b†2b2. (A29)
We consider the subspace with large collective spin quan-
tum numbers, that is Ji ∼ O (N/2). Thus, the zeroth-
order HP mapping given above can be justified self-
consistently, provided that the occupations in the bosonic
modes bi are small compared to 2Ji [27].
For equal dot sizes and J1 = J2 = J , the nuclear jump
operators are mapped to L2 ∼ a and L2 ∼ a˜, where
a = µb2 + νb
†
1 and a˜ = µb1 + νb
†
2. Here, we have set µ =
µ2/
√
µ22 − ν22 and similarly for ν such that µ2 − ν2 = 1.
In this picture, the (unique) ideal steady state is well-
known to be a two-mode squeezed state
|ΨTMS〉 = µ−1
∑
n
ξn |n, n〉 , (A30)
which is simply the vacuum in the non-local bosonic
modes a and a˜ fulfilling a |ΨTMS〉 = a˜ |ΨTMS〉 = 0 [5].
The generation of entanglement can be certified via
the EPR entanglement condition [5, 28], where the EPR-
uncertainty is given by
∆EPR = ΣJ/ (|〈Iz1 〉|+ |〈Iz2 〉|) (A31)
=
1
2
[var (X1 +X2) + var (P1 − P2)] ,(A32)
where ΣJ = var (Ix1 + Ix2 ) + var (I
y
1 + I
y
2 ). Here,
Xi = (bi + b
†
i )/
√
2, (A33)
Pi = i(b
†
i − bi)/
√
2. (A34)
refer to the quadrature operators related to the local
bosonic modes bi.
7. EPR Uncertainty
Within the HP approximation, the evaluation of ∆EPR
is based on the standard form of the steady state covari-
ance matrix, defined as ΓCMij = 〈{Ri, Rj}〉 − 2 〈Ri〉 〈Rj〉,
where {Ri, i = 1, . . . , 4} = {X1, P1, X2, P2}. Up to local
unitary operations, ΓCM can always be written in stan-
dard form
Γstd = S>ΓCMS =

a 0 k1 0
0 a 0 k2
k1 0 b 0
0 k2 0 b
 . (A35)
Squeezing parameter.—The amount of entanglement
can be tuned via the squeezing parameter ξ. For fixed
 > 0, ∆ > 0 and increasing tunneling parameter t, 2
approaches 0 [compare Fig.1 (b) in the main text], so
that the relative weight of ν2 as compared to µ2 increases.
This results in a larger squeezing parameter |ξ| = |ν2/µ2|.
8. Polarization Dynamics
Starting out from Eq.(A8) we obtain dynamical equa-
tions for the nuclear polarizations 〈Izi 〉. For simplicity, we
then employ a semiclassical factorization scheme, which
neglects correlations among different nuclear spins by set-
ting
〈
σ+i σ
−
j
〉
= 〈σzi 〉 + 1/2 for i = j and zero otherwise
(note that |ξss〉 tends to a maximally polarized product
state for |ξ| → 0). This zeroth-order approximation di-
rectly leads to a closed equation of motion for ∆Iz as
stated in Eq.(5) in the main text. Here, we have in-
troduced the effective HF-mediated pumping rate χ and
depolarization rate γeff as
χ = γ
(
µ22 − ν22
)
(3p+ − 1) , (A36)
γeff = γ
(
µ22 + ν
2
2
)
(1− p+) . (A37)
Note that according to Eq.(5) the nuclear fixed
point polarization gradient is proportional to the ratio(
µ22 − ν22
)
/
(
µ22 + ν
2
2
)
=
(
1− ξ2) / (1 + ξ2). This coin-
cides with the nuclear polarization gradient inherent to
the dark state |ξss〉. Accordingly, Eq.(5) in the main text
can be reformulated as
d
dt
∆Iz = −γeff
[
∆Iz −N 1− ξ
2
1 + ξ2
3p+ − 1
1− p+
]
. (A38)
Here, the last factor is one in the high gradient regime
where p+ = 1/2, but may suppress high polarization so-
lutions in the low gradient regime (p+ ≈ 1/3) [29].
Time scales.—As shown in Fig.3, we can estimate
∆˙Iz ≈ 0.1MHz. In order to reach a highly polarized
fixed point, approximately ∼ 105 nuclear spin flips are
required; therefore, the total time for the polarization
process is approximately ∼ 105/0.1MHz ≈ 1s. This is in
agreement with typical time scales observed in nuclear
polarization experiments [35]. Lastly, γ−1eff ≈ 1s is com-
patible with the semiclassical approximation, since nu-
clear spins typically dephase at a rate of ∼ kHz [14, 35].
9. External Magnetic Fields
In the main text we have assumed ωext = ∆ext = 0 for
simplicity. As shown here, non-vanishing external fields
do not lead to qualitative changes in the in the principal
effects. First, the presence of a non-vanishing external
gradient ∆ext is actually beneficial for our scheme as it
can provide an efficient way in order to kick-start the
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nuclear self-polarization process. Second, a non-zero ho-
mogeneous external field ωext leads to a non-zero splitting
between the Pauli-blocked triplets |T±〉. This gives rise
to an asymmetry in the effective HF-mediated quantities
γ and δ, as the detunings for the transitions from |T±〉
to |λ2〉 (and vice versa) are different for ω0 6= 0. Im-
portantly, however, the kernel of Lid, associated with the
ideal steady state, is unaffected by this asymmetry.
10. Summary of Experimental Requirements
Here, we summarize the requirements for an experi-
mental realization of our scheme: The condition t 
ω0, ghf ensures that the Pauli blockade is primarily lifted
via the electronic level |λ2〉. Then, ∆ & 3µeV, together
with Γ γ±, γdeph  ghf , guarantees that the electronic
system settles into the desired quasi steady state on a
time scale much shorter than the nuclear dynamics. As
shown in Sec.(A 1), the latter could be realized by, e.g.,
working in a regime of efficient cotunneling processes. To
kick-start the nuclear self-polarization process towards a
high-gradient stable fixed point, some initial gradient of
approximately ∼ (1−2)µeV is required. Finally, in order
to beat nuclear spin decoherence, one needs t∗  1ms.
All these requirements can be met simultaneously in a
quantum dot defined in a two-dimensional GaAs/AlGaAs
electron gas by a pattern of Schottky gates fabricated
on the surface with electron beam lithography; see e.g.
Ref.[6]. This approach for realizing quantum dots has
proven to be extremely powerful, since many of the rele-
vant parameters can be tuned in-situ.
Due to the exponential dependence of tunnel coupling
strength on gate voltage, all the tunnel barriers can be
varied from less than 10−12eV (a millisecond timescale,
verified by real-time detection of single charges hopping
on or off the dot) to about 100µeV (verified by the broad-
ening of the time-averaged charge transition; note that
for much larger tunnel couplings, two neighbouring dots
become one single dot). This extreme tunability applies
to the interdot barrier characterized by t, as well as to
the dot-lead barriers characterized by Γ.
The detuning  between the dots can be varied any-
where between zero and a positive or negative detuning
equal to the addition energy, at which point additional
electrons are pulled into the dot. The typical energy scale
for the addition energy is 1− 3meV.
Less choice exists in the parameters related to the
electron-nuclear spin interaction, so in the analysis we
used the typical numbers [6]. In particular, in typical
dots, the electron is in contact with N ∼ 106 nuclei.
Also fixed is the total electron-nuclear coupling strength
AHF ∼ 100µeV. N and AHF together set ghf ∼ 0.1µeV.
Finally, the nuclear spin coherence time of ∼ 1ms is fixed
as well [35].
The extreme tunability of the electronic parameters
t and (in particular) Γ allows us to reach the desired
regime, where the electronic system quickly settles into
its mixed quasi steady state on relevant nuclear time
scales. As shown in more detail in Sec.(A 1), one can
make the dissipative mixing and dephasing rates (which
are both proportional to Γ) fast compared to ghf by go-
ing to a regime of efficient electron exchange with the
reservoirs.
